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1. Introduction 
 
Interpreting function graphs is a central but persistently difficult part of secondary mathematics. Learners must 
coordinate graph level, direction of change, steepness, and changing rate, while also recognizing that the same visual 
feature may carry different meanings across contexts. Reviews and empirical studies of graph interpretation show 
that students often rely on surface features, isolated points, or perceptually salient shapes rather than coordinated 
reasoning about quantities and relationships (Friel et al., 2001; Glazer, 2011; Leinhardt et al., 1990; Shah & Hoeffner, 
2002). In dynamic situations, graph reasoning is especially demanding because students must interpret a graph as a 
representation of covarying quantities rather than as a static picture (Carlson et al., 2002; Johnson et al., 2024). 

 

ABSTRACT  
Multiple-choice responses can reveal which graph features guide students’ 
choices, not only whether an answer is correct. This study examined distractor 
patterns and pretest-to-posttest error pathways in audio-to-graph matching 
among 194 Grade 11 students from seven classes in a Philippine public 
secondary school. Parallel nine-item forms used level-coded audio, in which 
pitch tracked graph value, and rate-coded audio, in which pitch tracked local 
change. Responses were classified by correctness, graph family, mapping 
mismatch, and mathematical error category. Mean scores increased from 2.12 
(SD = 1.32) to 3.64 (SD = 1.72) out of 9, W = 1972, p < .001, r = .601. Level-
coded tasks showed marked movement from rate-coded lures to correct 
responses. Rate-coded tasks retained broader patterns of graph-level fallback, 
constant-versus-changing-rate confusion, concavity confusion, and nonlinear-
rate confusion. Across 1,746 paired item attempts, 31.0% moved from 
incorrect to correct and 28.8% shifted between different incorrect categories. 
The study contributes a diagnostic pathway approach that identifies which 
distinctions in graph level, slope, concavity, and changing rate stabilized after 
instruction and which remained unsettled. 
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A major source of difficulty is the distinction between graph height and rate of change. Students may treat a high 
point as a fast-changing point, a falling pitch or line as a decreasing quantity, or a flat-looking region as conceptually 
identical to a constant rate. Similar confusions have been documented in mathematics and physics settings, including 
difficulties with slope, kinematics graphs, and graph interpretation across domains (Beichner, 1994; Ivanjek et al., 
2016; McDermott et al., 1987; Planinic et al., 2013). Research on slope and rate of change further shows that 
students’ meanings for slope may remain fragmented across algebra, pre-calculus, and calculus contexts (Byerley & 
Thompson, 2017; Moore-Russo & Nagle, 2024; Nagle et al., 2013). 
 
Multiple representations can support this kind of learning, but their usefulness depends on how clearly learners are 
helped to coordinate what each representation encodes. Theories of semiotic representation and multimedia 
learning emphasize that students must translate, connect, and regulate information across representational systems 
rather than simply receive more formats (Ainsworth, 2006; Duval, 2006; Mayer, 2020). Recent evidence on multiple 
external representations in STEM likewise suggests that the number of representations is less important than the 
interpretive support provided for using them (Rexigel et al., 2024). Universal Design for Learning also frames multiple 
means of representation as a pathway for access, provided that the representation clarifies rather than obscures 
disciplinary meaning (CAST, 2024). 
 
Audio-based graph representations extend this problem into a temporal and auditory channel. Sonification translates 
data relations into non-speech sound, and prior work has shown that it can support scientific and mathematical 
interpretation when mapping rules are explicit and listeners know what sound features represent (Dubus & Bresin, 
2013; Grond & Hermann, 2012; Hermann et al., 2011; Ohshiro et al., 2021; Tomlinson & Walker, 2020). In audio-to-
graph matching tasks, however, correct answers alone do not fully reveal how students understand the sound-graph 
relation. A learner who selects a wrong graph may be following a systematic but inappropriate cue, such as choosing 
a graph with the highest visual point when pitch actually represents steepness, or choosing a graph with changing 
curvature when the sound represents constant slope. 
 
For that reason, distractor analysis is an appropriate lens for studying pitch-coded graph interpretation. Multiple-
choice distractors are not merely incorrect options. Well-designed distractors can serve as diagnostic indicators of 
competing interpretations, partial knowledge, and recurring misconceptions (Attali & Fraenkel, 2000; DiBattista & 
Kurzawa, 2011; Gierl et al., 2017; Haladyna et al., 2002; Rodriguez, 2005; Tarrant & Ware, 2010; Tarrant et al., 2009). 
In mathematics assessment, this diagnostic function is particularly important because a correct/incorrect score can 
conceal whether students are confusing graph level with rate, direction with steepness, or constant value with 
constant slope. 
 
A descriptive error-pathway design is well suited to this problem because it preserves the identity of wrong responses 
across parallel tasks. A total-score comparison establishes whether performance changed, while the pathway analysis 
locates the mathematical feature attached to each response and follows that feature from pretest to posttest. A shift 
between two incorrect categories can show that students redirected attention even when the item remained 
incorrect. Binary scores collapse that movement into a single zero. Recent mathematics diagnostic research likewise 
shows that item and option behavior can improve the information produced by an assessment (Akveld & Kinnear, 
2024). 
 
The study examined distractor patterns and response pathways in audio-to-graph tasks for secondary function 
interpretation. Four questions guided the analysis: (1) Which distractors and error categories were most frequently 
selected before and after instruction? (2) How did error profiles differ between level-coded and rate-coded tasks? 
(3) How did responses move among correct choices, persistent wrong categories, and shifted wrong categories? (4) 
Which dominant pathways reveal continuing difficulty with graph level, direction, constant rate, concavity, 
diminishing change, and nonlinear rate? 
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2. Conceptual Framework 
 
The framework for the study joins four lines of work: graph interpretation, multiple representation, sonification, and 
distractor analysis. First, graph interpretation is treated as covariational reasoning. Students need to coordinate the 
values of quantities and how those values change across an interval (Carlson et al., 2002; Johnson et al., 2024). This 
view is compatible with classic work showing that graphs are difficult because they compress multiple meanings, 
including point values, global shape, local slope, and contextual change (Friel et al., 2001; Leinhardt et al., 1990; Shah 
& Hoeffner, 2002). 
 
Second, the study treats slope and rate of change as conceptually fragile meanings. Kinematics and cross-context 
graph studies show that learners frequently confuse slope, height, direction, and area or may transfer an 
interpretation that is valid in one graphing context to another where it is not valid (Beichner, 1994; Ivanjek et al., 
2016; McDermott et al., 1987; Planinic et al., 2013). Studies of students’ and teachers’ meanings for slope also show 
that rate of change can be understood as a formula, visual steepness, ratio, or measure, and these meanings do not 
always cohere during problem solving (Byerley & Thompson, 2017; Moore-Russo & Nagle, 2024; Nagle et al., 2013). 
In pitch-coded tasks, these difficulties may surface as graph-level fallback when students hear pitch as height even 
when it encodes local change. 
 
Third, the study assumes that audio representations must be interpreted as part of a larger representational system. 
Multiple representations support learning when students understand what each representation contributes and how 
it links with others (Ainsworth, 2006; Duval, 2006; Mayer, 2020; Rexigel et al., 2024). In sonification, this principle 
appears as the need for clear mapping between data features and sound features (Dubus & Bresin, 2013; Grond & 
Hermann, 2012; Hermann et al., 2011). Audio-to-graph matching therefore requires more than hearing a sound. It 
requires identifying the active mapping, aligning the sound with the left-to-right domain scan, and selecting a graph 
whose visual structure corresponds to the encoded meaning. 
 
Fourth, distractors are treated as evidence about competing interpretations. Multiple-choice assessment research 
emphasizes that distractors should be analyzed because they may identify non-functioning options, common 
misconceptions, or partial knowledge states (Attali & Fraenkel, 2000; DiBattista & Kurzawa, 2011; Gierl et al., 2017; 
Haladyna et al., 2002; Rodriguez, 2005; Tarrant & Ware, 2010; Tarrant et al., 2009). A diagnostic assessment 
perspective also values evidence that helps teachers decide what feedback or instructional adjustment is needed 
(Black & Wiliam, 1998; Frederiksen & Collins, 1989; Sadler, 1989). In this study, distractor selections are coded not 
only by letter but also by their mathematical interpretation, allowing wrong responses to be treated as error 
pathways rather than as undifferentiated failure. 
 
Figure 1 connects these perspectives to the study’s analytical sequence. The audio mapping establishes the 
mathematical feature to track. Students may then attend to graph level, direction, steepness, constancy of rate, 
concavity, or nonlinear change. The selected option provides evidence about the interpretation that competed with 
the target, and the paired responses distinguish stable correctness, resolved errors, persistent errors, shifted errors, 
and movement from correct to incorrect. 
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Figure 1. Operational framework linking sonification mapping, attended graph features, response evidence, and 
pretest-to-posttest pathways. 

 
 
3. Method 
 

3.1. Research design and setting 

 

The study used a descriptive pretest-posttest error-pathway design in Grade 11 General Mathematics at a public 
secondary school in Padada, Davao del Sur, Philippines. Seven intact classes completed the same classroom 
sequence. The design supported two complementary analyses: a paired total-score analysis at the student level and 
a diagnostic analysis of option-level movements across construct-paired items. The first summarized short-term 
performance change; the second identified the graph interpretation attached to each selected option. 
 

3.2. Participants and contextual profile 

 

The analytic sample comprised 194 students with complete paired records on both nine-item forms. Study codes 
linked pretest and posttest responses, and student names were not included in the analytic files. Table 1 reports the 
contextual and demographic information available for the article. Sex categories were recorded in classroom 
documentation, but aggregate counts were not retained in the response-transition file. Age, academic strand or 
track, and prior mathematics achievement were not collected, so no retrospective distributions were constructed. 
 
Table 1: Participant and study context. 

Characteristic Available information 

Educational level Grade 11 

Course General Mathematics 

Setting Public secondary school 
Location Padada, Davao del Sur, Philippines 

Participating classes Seven intact classes 

Complete paired records 194 students 

Sex Categories recorded 

Age, strand/track, prior 
achievement 

Not collected 
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3.3. Instructional sequence 

 

Each class followed a common pretest-instruction-posttest sequence. Students first completed a nine-item audio-to-
graph pretest. A brief concept launch introduced two mappings: value-to-pitch, where pitch followed graph height, 
and slope-to-pitch, where pitch followed signed local change. The teacher then led two predict-listen-discuss cycles. 
During the value-to-pitch cycle, students predicted whether pitch would rise, fall, or remain constant, listened to the 
clip, and explained how the sound followed graph height. During the slope-to-pitch cycle, students predicted where 
change would be fastest, listened for high and low pitch regions, and connected those regions to steepness and the 
sign of slope. The teacher explicitly contrasted a graph’s highest point with its steepest point. Students completed 
the parallel posttest immediately after the guided activities. 
 
The materials used a fixed A-I graph panel, a projector, and classroom speakers, with locally stored audio available 
when internet access was unreliable. Clips used a sine-wave timbre, a 220-880 Hz pitch range, 40 left-to-right scan 
steps, and an approximate duration of nine seconds. Each clip was played once, with one replay permitted when 
most students requested it. These controls kept the auditory presentation consistent across classes. 
 

3.4. Assessment forms and item blueprint 

 

The pretest and posttest contained nine construct-paired items with the same response format and parallel 
mathematical targets. Three pairs were level-coded and six were rate-coded. Level-coded items used pitch to 
represent graph value, while rate-coded items used pitch to represent local change or steepness. The forms sampled 
constant, linear, exponential, quadratic, logarithmic, square-root, cubic, and logistic patterns. Table 2 summarizes 
the item pairing and answer keys. 
 
Table 2: Parallel item blueprint and correct options. 

Pair Mapping Pretest target (key) Posttest target (key) 

1 Level positive linear level (B) negative linear level (B) 
2 Rate constant slope (I) constant slope (I) 
3 Rate concavity up / increasing rate (D) concavity up / increasing rate (D) 
4 Rate diminishing negative square-root pattern 

(A) 
diminishing logarithmic change (A) 

5 Level exponential decay level (H) exponential growth level (H) 
6 Rate diminishing logarithmic change (F) cubic changing-rate segment (F) 
7 Level exponential growth level (E) constant level (E) 
8 Rate peak-rate logistic pattern (G) diminishing negative square-root pattern 

(G) 
9 Rate cubic increasing-rate segment (C) peak-rate logistic pattern (C) 

Note. Level-coded means pitch tracked graph value; rate-coded means pitch tracked local change or steepness. Item 
targets and correct options were linked from the assessment specifications before analysis. 
 

3.5. Instrument evidence and reliability 

 

Content evidence came from the shared nine-target blueprint, curriculum alignment, and item review by the two 
mathematics educators who developed the lesson. The review checked the intended audio mapping, function family, 
graph feature, answer key, and plausibility of the A-I options. The forms used parallel constructs and standardized 
audio parameters. They were not formally equated, and no independent pilot panel was conducted; item-level 
findings are therefore reported with the specific pretest and posttest targets. 
Internal consistency was KR-20 = .22 for the pretest and .47 for the posttest. These estimates are low for broad 
achievement inference and reflect a short form spanning several graph features and function families. The analysis 
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therefore combines total-score change, item-level tests, distractor profiles, and response pathways instead of relying 
on a single coefficient. 
 

3.6. Distractor coding and quality control 

 

Each response was first classified as correct or incorrect. Incorrect options were then assigned to a mathematical 
category according to the relation between the selected graph and the target. The categories were graph-level 
fallback in a rate-coded item; constant-rate versus changing-rate confusion; concavity or diminishing-rate confusion; 
peak-rate or nonlinear-rate confusion; rate-coded lure in a level-coded item; level-direction confusion; and within-
level shape confusion. 
 
The item-option crosswalk was checked against the graph panel, answer key, audio-mapping rule, and item 
specification before frequencies were computed. A fixed lookup table then assigned every A-I response to a category. 
Individual student responses did not require repeated subjective coding, so response-level inter-rater agreement 
was not calculated. The quality-control step focused on the crosswalk that generated all 1,746 item-level labels. 
 

3.7. Data handling and analysis 

 

The raw file contained 200 records. Six records lacked at least one pretest response and could not support a complete 
paired pathway, leaving 194 complete pairs. The excluded records represented 3.0% of the raw file. Imputation was 
not used because an inferred item response would create a transition that was not observed. 
 
Pretest, posttest, and gain scores were summarized with means, standard deviations, medians, and interquartile 
ranges. Gain scores departed from normality in the Shapiro-Wilk test (p < .001), so the paired total-score comparison 
used the Wilcoxon signed-rank test. The Hodges-Lehmann estimate, 95% confidence interval, and matched-pairs 
effect size r described the size and precision of change. Item-level changes in correct-response proportions were 
examined with paired McNemar tests and Holm adjustment across the nine item pairs. 
 
The diagnostic analysis computed option frequencies, dominant distractors, and error-category profiles by phase and 
audio-mapping type. Each paired item response was classified as correct to correct, correct to incorrect, incorrect to 
correct, incorrect to incorrect within the same category, or incorrect to incorrect with a shifted category. Pathway 
percentages remained descriptive because the 1,746 item attempts were nested within 194 students and were used 
to map response structure, not as independent observations for a treatment-effect test. 
 

3.8. Ethical considerations 

 

The study was conducted under school and Schools Division classroom research procedures for minimal-risk 
educational studies. Written parent or guardian consent and learner assent were obtained before records were 
included. Participation was voluntary and carried no grade penalty. Students could decline or withdraw without 
penalty. Study codes replaced names in the analytic files, and only de-identified summaries are reported. The 
approval process was documented through the applicable school and division records; no numerical IRB identifier 
was assigned. 
 
 

4. Results 
 
Results are organized around overall paired performance, distractor selections, mapping-level error profiles, 
response transitions, dominant pathways, and item-family patterns. Percentages are based on 194 complete paired 
records unless otherwise stated. 
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4.1. Overall paired performance 

 

Overall scores increased from M = 2.12 (SD = 1.32) on the pretest to M = 3.64 (SD = 1.72) on the posttest. The mean 
gain was 1.53 points out of nine (SD = 2.05), and the median rose from 2 (IQR = 1-3) to 4 (IQR = 2-5). The Wilcoxon 
signed-rank test showed a significant paired difference, W = 1972, p < .001, with r = .601. The Hodges-Lehmann 
estimate was a one-point increase, 95% CI [1, 2]. Holm-adjusted McNemar tests identified significant increases on 
five item pairs and significant declines on two; two pairs showed no significant change. 

 

4.2. Distractor selections by item and phase 

 

Table 3 shows that many item-phase pairs were dominated by one mathematically plausible wrong option. Before 
instruction, the level-coded Item 1 was led by a cubic increasing-rate lure (45.4%), and Item 7 was led by a positive 
linear-level distractor (38.1%). After instruction, dominant distractors declined sharply on the level-coded items. 
Several rate-coded items remained dispersed across constant-rate, concavity, diminishing-rate, and nonlinear-rate 
alternatives; Posttest Item 4 had only 5.2% correct responses. 
 
Table 3: Dominant pretest and posttest distractor frequencies by item. 

Phase Item Correct 
option 

Correct % Dominant 
distractor 

n % Error 
category 

Pre 1 B 17.5 C (cubic 
increasing 

rate) 

88 45.4 Rate-coded 
lure in 

level-coded 
item 

Pre 2 I 44.3 B (linear 
positive) 

39 20.1 Graph-level 
fallback in 
rate-coded 

item 
Pre 3 D 14.9 E 

(exponential 
growth) 

56 28.9 Graph-level 
fallback in 
rate-coded 

item 
Pre 4 A 10.3 G (logistic 

peak rate) 
77 39.7 Peak-rate 

or 
nonlinear-

rate 
confusion 

Pre 5 H 30.4 A (square-
root 

concavity 
down) 

40 20.6 Rate-coded 
lure in 

level-coded 
item 

Pre 6 F 16.5 I (constant 
slope linear) 

31 16.0 Constant-
rate versus 
changing-

rate 
confusion 

Pre 7 E 16.5 B (linear 
positive) 

74 38.1 Level-
direction 
confusion 

Pre 8 G 55.7 F 
(logarithmic 

21 10.8 Concavity 
or 

diminishing-
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diminishing 
change) 

rate 
confusion 

Pre 9 C 5.7 H 
(exponential 

decay) 

47 24.2 Graph-level 
fallback in 
rate-coded 

item 
Post 1 B 71.1 A 

(logarithmic 
diminishing 

change) 

15 7.7 Rate-coded 
lure in 

level-coded 
item 

Post 2 I 36.6 E (constant 
level) 

32 16.5 Graph-level 
fallback in 
rate-coded 

item 
Post 3 D 41.8 I (constant 

slope linear) 
46 23.7 Constant-

rate versus 
changing-

rate 
confusion 

Post 4 A 5.2 C (logistic 
peak rate) 

46 23.7 Peak-rate 
or 

nonlinear-
rate 

confusion 
Post 5 H 59.3 B (linear 

negative) 
25 12.9 Level-

direction 
confusion 

Post 6 F 6.7 A 
(logarithmic 
diminishing 

change) 

77 39.7 Concavity 
or 

diminishing-
rate 

confusion 
Post 7 E 65.5 H 

(exponential 
growth) 

30 15.5 Within-level 
shape 

confusion 
Post 8 G 29.4 F (cubic 

changing 
rate) 

52 26.8 Peak-rate 
or 

nonlinear-
rate 

confusion 
Post 9 C 49.0 F (cubic 

changing 
rate) 

37 19.1 Peak-rate 
or 

nonlinear-
rate 

confusion 

Note. The table reports the most frequently selected incorrect option for each item-phase pair. Correct % is the 
percentage selecting the correct option. 
 
Figure 2 integrates correct responses and error categories across all item-phase pairs. The level-coded rows shift 
toward the correct-response column, while the rate-coded rows remain distributed across several interpretations of 
local change. The figure therefore shows both error reduction and error redistribution. 
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Figure 2. Heatmap of distractor selections and correct-response profiles by item and test phase. 

  

4.3. Error-category profiles by audio-mapping type 

 
Table 4 summarizes wrong responses by phase and audio-mapping type. Rate-coded lures accounted for 67.8% of 
wrong level-coded responses at pretest and 46.5% at posttest. In rate-coded tasks, graph-level fallback decreased 
from 34.4% to 13.0% of wrong responses, while concavity or diminishing-rate confusion reached 38.1% and peak-
rate or nonlinear-rate confusion reached 27.0% at posttest. The profile moved away from broad graph-level fallback 
but remained divided among finer distinctions in local change. 
 
Table 4: Error-category frequencies by mapping type. 

Phase Task Mapping Error Category n % within wrong 
responses 

Post Level-coded Rate-coded lure in level-
coded item 

94 46.5 

Post Level-coded Within-level shape 
confusion 

64 31.7 

Post Level-coded Level-direction confusion 44 21.8 
Post Rate-coded Concavity or diminishing-

rate confusion 
319 38.1 

Post Rate-coded Peak-rate or nonlinear-
rate confusion 

226 27.0 

Post Rate-coded Constant-rate versus 
changing-rate confusion 

183 21.9 

Post Rate-coded Graph-level fallback in 
rate-coded item 

109 13.0 

Pre Level-coded Rate-coded lure in level-
coded item 

310 67.8 

Pre Level-coded Level-direction confusion 82 17.9 
Pre Level-coded Within-level shape 

confusion 
65 14.2 
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Pre Rate-coded Graph-level fallback in 
rate-coded item 

302 34.4 

Pre Rate-coded Concavity or diminishing-
rate confusion 

258 29.4 

Pre Rate-coded Peak-rate or nonlinear-
rate confusion 

182 20.7 

Pre Rate-coded Constant-rate versus 
changing-rate confusion 

136 15.5 

Note. Percentages are computed within wrong responses for each phase and mapping type, not within all item 
attempts. 
 
Figure 3 displays the mapping-level contrast. Level-coded errors are concentrated in a smaller set of alternatives, 
whereas rate-coded errors form a broader cluster involving graph level, constancy of rate, concavity, and nonlinear 
change. 
 

 

 

Figure 3. Error-category distribution by audio-mapping type. 

4.4. Pretest-to-posttest response transitions 

 
Table 5 reports 1,746 paired item transitions. Incorrect-to-correct movement accounted for 31.0%, while 28.8% 
shifted from one incorrect category to another and 16.7% remained within the same incorrect category. The 
mapping contrast was marked: 51.9% of level-coded transitions moved from incorrect to correct, whereas 36.1% of 
rate-coded transitions shifted between different incorrect categories. 
 
Table 5: Pretest-to-posttest transition matrix 

Transition status Level-coded Rate-coded Total 

Correct → Correct 78 (13.4%) 88 (7.6%) 166 (9.5%) 
Correct → 
Incorrect 

47 (8.1%) 198 (17.0%) 245 (14.0%) 

Incorrect → 
Correct 

302 (51.9%) 239 (20.5%) 541 (31.0%) 
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Incorrect → 
Incorrect, same 
error category 

73 (12.5%) 219 (18.8%) 292 (16.7%) 

Incorrect → 
Incorrect, shifted 
category 

82 (14.1%) 420 (36.1%) 502 (28.8%) 

Note. Percentages within the Level-coded and Rate-coded columns use the number of paired attempts for that 
mapping type as denominator. Total percentages use all paired item attempts as denominator. 
 
Figure 4 shows that incorrect-to-correct movement was the largest single pathway, but shifted-category incorrect 
responses were nearly as frequent. This closeness establishes why pathway evidence adds information that a binary 
pretest-posttest score cannot retain. 
 

 

 

Figure 4. Network of incorrect-to-incorrect error-category movements from pretest to posttest. 

 

4.5. Dominant error pathways 

 
Table 6 identifies the largest item-level pathways. In Level-coded Item 1, 48.5% of students moved from a rate-coded 
lure to the correct response. Level-coded Items 5 and 7 also showed prominent movements to correctness. Rate-
coded Items 4 and 6 retained or exchanged nonlinear-rate and concavity-related errors, indicating that several 
students changed the feature they attended to without stabilizing the intended relation. 
 
Table 6: Dominant error pathways and mathematical interpretation 

mapping item pre_error_category post_error_category n % of item N 

Level-coded 1 Rate-coded lure in 
level-coded item 

Correct 94 48.5 

Level-coded 5 Rate-coded lure in 
level-coded item 

Correct 62 32.0 

Level-coded 7 Level-direction 
confusion 

Correct 57 29.4 

Rate-coded 4 Peak-rate or 
nonlinear-rate 

confusion 

Peak-rate or 
nonlinear-rate 

confusion 

56 28.9 
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Level-coded 7 Rate-coded lure in 
level-coded item 

Correct 42 21.6 

Rate-coded 6 Concavity or 
diminishing-rate 

confusion 

Concavity or 
diminishing-rate 

confusion 

41 21.1 

Rate-coded 9 Graph-level fallback 
in rate-coded item 

Correct 40 20.6 

Rate-coded 6 Graph-level fallback 
in rate-coded item 

Concavity or 
diminishing-rate 

confusion 

35 18.0 

Rate-coded 9 Concavity or 
diminishing-rate 

confusion 

Correct 35 18.0 

Rate-coded 3 Graph-level fallback 
in rate-coded item 

Correct 34 17.5 

Rate-coded 2 Constant-rate 
versus changing-

rate confusion 

Constant-rate 
versus changing-

rate confusion 

27 13.9 

Level-coded 1 Rate-coded lure in 
level-coded item 

Rate-coded lure in 
level-coded item 

27 13.9 

Note. The table shows the largest pretest-to-posttest movements involving at least one incorrect response category. 
Item-level percentages use 194 students as the denominator. 
 
Figure 5 maps the main incorrect-to-incorrect category movements. The strongest persistence appears within 
concavity or diminishing-rate confusion. Connections from graph-level fallback to concavity-related errors and 
between nonlinear-rate and concavity-related errors show a connected field of rate interpretations, not isolated 
distractors. 
 

 

Figure 5. Response-transition pathway distribution from pretest to posttest. 
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4.6. Item-family summary of persistent and reduced errors 

 
Table 7 summarizes item-family patterns. All three level-coded pairs showed reduced dominant errors. Four of the 
six rate-coded pairs remained persistent or increased, especially the pairs involving diminishing change, cubic change, 
and square-root-type change. Rate-coded Item 9 showed the clearest reduction, although its remaining errors still 
centered on concavity or diminishing-rate distinctions. 
 
Table 7: Summary of persistent and reduced error patterns by item family 

Ite
m 

Mappin
g 

Pretest 
target 

Posttest 
target 

Pretest 
accurac

y % 

Posttes
t 

accurac
y % 

Dominant 
pretest 
error 

Dominant 
posttest 

error 

Pattern 

1 Level-
coded 

positive 
linear 
level 

negative 
linear 
level 

17.5 71.1 Rate-
coded lure 

in level-
coded 
item 

Rate-
coded lure 

in level-
coded 
item 

Reduced 

2 Rate-
coded 

constant 
slope 

constant 
slope 

44.3 36.6 Constant-
rate versus 
changing-

rate 
confusion 

Constant-
rate versus 
changing-

rate 
confusion 

Persistent/increas
ed 

3 Rate-
coded 

concavity 
up / 

increasing 
rate 

concavity 
up / 

increasing 
rate 

14.9 41.8 Graph-
level 

fallback in 
rate-coded 

item 

Constant-
rate versus 
changing-

rate 
confusion 

Reduced 

4 Rate-
coded 

diminishin
g negative 

square-
root 

pattern 

diminishin
g 

logarithmi
c change 

10.3 5.2 Peak-rate 
or 

nonlinear-
rate 

confusion 

Peak-rate 
or 

nonlinear-
rate 

confusion 

Persistent/increas
ed 

5 Level-
coded 

exponenti
al decay 

level 

exponenti
al growth 

level 

30.4 59.3 Rate-
coded lure 

in level-
coded 
item 

Rate-
coded lure 

in level-
coded 
item 

Reduced 

6 Rate-
coded 

diminishin
g 

logarithmi
c change 

cubic 
changing-

rate 
segment 

16.5 6.7 Graph-
level 

fallback in 
rate-coded 

item 

Concavity 
or 

diminishin
g-rate 

confusion 

Persistent/increas
ed 

7 Level-
coded 

exponenti
al growth 

level 

constant 
level 

16.5 65.5 Level-
direction 
confusion 

Within-
level shape 
confusion 

Reduced 

8 Rate-
coded 

peak-rate 
logistic 
pattern 

diminishin
g negative 

square-
root 

pattern 

55.7 29.4 Concavity 
or 

diminishin
g-rate 

confusion 

Peak-rate 
or 

nonlinear-
rate 

confusion 

Persistent/increasi
ng 
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9 Rate-
coded 

cubic 
increasing

-rate 
segment 

peak-rate 
logistic 
pattern 

5.7 49.0 Graph-
level 

fallback in 
rate-coded 

item 

Concavity 
or 

diminishin
g-rate 

confusion 

Reduced 

Note. Pattern is based on change in accuracy and dominant wrong-response category. It is descriptive and intended 
for instructional diagnosis. 
 
Figure 6 highlights where a single distractor captured a large share of responses. The dominant bars contracted across 
the level-coded items after instruction but remained prominent for difficult rate-coded targets. These concentrations 
identify specific options for item revision and focused reteaching. 
 

 

 

Figure 6. Dominant distractor profile by item and test phase. 

 

5. Discussion 
 
The findings show that wrong responses carried structured diagnostic information. Level-coded errors frequently 
reflected attention to rate-like shapes even though pitch followed graph value, and those lures often resolved after 
the explicit value-to-pitch cycle. Rate-coded tasks produced a wider and more persistent field of alternatives involving 
graph level, constant rate, concavity, diminishing change, and nonlinear rate. This contrast is consistent with research 
showing that slope and rate meanings remain fragmented across representations and contexts (Byerley & Thompson, 
2017; Ivanjek et al., 2016; Moore-Russo & Nagle, 2024). 
 
The main theoretical contribution is a response-state account of representational learning. Binary scoring records 
correctness at each time point. Error pathways preserve the mathematical category attached to each wrong choice 
and show whether an interpretation persisted, resolved, or changed form. The 28.8% shifted-category pathway 
indicates that a substantial share of post-instruction movement occurred within the incorrect-response space. 
Movement from graph-level fallback to concavity confusion, for example, places attention closer to local change 
while leaving the finer distinction unresolved. 
 
This response-state account extends diagnostic assessment and representational coordination theory. Students did 
not simply possess or lack the correct audio rule. Their choices show attention moving among level, direction, 
steepness, constancy, and curvature. Rate-coded audio placed several related distinctions into competition, which 
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helps explain the mobility among error categories. The pattern accords with evidence linking graph selections to the 
quality of graph reasoning (Johnson et al., 2024) and with the view that multiple representations require active 
coordination (Ainsworth, 2006; Rexigel et al., 2024). 
 
Several mechanisms may have contributed to the pathways. The forms were construct-paired but not identical, so 
item difficulty and the visual attractiveness of particular graphs may have influenced category movement. The 
posttest followed the lesson immediately, leaving short-term cue retention and practice effects possible. Classroom 
acoustics, replay requests, and attention during whole-class listening may also have varied across the seven classes. 
The low KR-20 values indicate limited internal consistency for the brief heterogeneous forms. Selected distractors 
provide indirect evidence about reasoning; learner explanations or think-aloud data are needed to confirm the 
meaning attached to each choice. 
 
Shifted-category pathways can therefore mark partial conceptual reorganization. Movement away from graph-level 
fallback toward a rate-based category may indicate attention to the relevant quantity, even when the distinction 
among constant, diminishing, and nonlinear rate remains unstable. Such movement should be checked through 
explanations, delayed assessment, or transfer tasks before it is treated as durable understanding. 
 
The pathway framework also strengthens formative use of multiple-choice evidence. Option-level patterns can 
identify the next contrast to teach, the distractor that needs redesign, and the distinction that remains fragile. This 
use aligns with formative-assessment principles that connect evidence to a specific instructional response (Black & 
Wiliam, 1998; Frederiksen & Collins, 1989; Sadler, 1989). 
 

5.1. Limitations 

 
Several limitations define the reach of the findings. The study involved one public secondary school, seven intact 
classes, and an immediate posttest, so the results do not establish delayed retention or transfer. The nine-item forms 
sampled several function families, were not formally equated, and produced low KR-20 estimates. Parallel-form 
difficulty and distractor attractiveness may therefore account for part of the item-level movement. The category 
scheme was grounded in graph-option meanings and fixed before frequency analysis, but it has not yet been 
independently validated through a larger expert panel or learner think-aloud study. 
 
Six of 200 records were excluded because a complete paired pathway could not be formed. Complete-case analysis 
was appropriate for observed transition sequences, but it may underrepresent students with incomplete responses. 
Future studies should reduce missingness prospectively and may use sensitivity analyses for score-based outcomes; 
imputation is less suitable for pathway analysis because it would introduce unobserved option transitions. Aggregate 
sex counts were not retained in the analytic file, and age, academic strand or track, and prior mathematics 
achievement were not collected. Replication across schools and learner groups should include these contextual 
variables. 
 

5.2. Implications for Mathematics Teaching and Assessment 

 
The pathway profiles support contrastive classroom activities. A teacher can place a graph’s highest point beside its 
steepest point and ask students to predict how each location would sound under value-to-pitch and slope-to-pitch 
mappings. A constant function can then be paired with a nonhorizontal line to contrast constant value with constant 
slope. For increasing curves that flatten, students can mark intervals where the function rises while the rate 
decreases, listen to the clip, and explain why falling pitch does not always mean falling graph value. 
 
For assessment, distractors should be designed around specific mathematical contrasts and reviewed after use. 
Option frequencies can show whether students are relying on graph level, constant rate, concavity, or a salient 
nonlinear shape. A teacher can use the pretest-posttest pathway table as a compact formative record: resolved errors 
suggest that the contrast has become clearer; persistent errors call for reteaching; shifted errors identify the next 
distinction that needs attention. 
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Audio should remain synchronized with visible graphs, explicit mapping labels, and opportunities for students to 
verbalize or annotate their reasoning. It can widen the representational field, but it does not replace visual, symbolic, 
or verbal access. Consistent playback, clear left-to-right scanning, and low-noise alternatives are essential when 
whole-class sound is used. 
 

 
6. Conclusion 
 
Distractor and error-pathway analysis revealed which mathematical features guided students’ audio-to-graph 
choices and how those choices changed after instruction. Level-coded tasks showed broad movement toward 
correctness, while rate-coded tasks retained a connected set of confusions involving graph level, constancy, 
concavity, diminishing change, and nonlinear rate. The near balance between incorrect-to-correct movement (31.0%) 
and shifted-category incorrect movement (28.8%) shows why total scores alone provide an incomplete account of 
short-term learning. 
 
The study contributes a practical diagnostic framework for converting selected options into evidence about response 
states. In formative assessment, the framework can connect a dominant distractor or pathway to a specific 
contrastive activity, feedback prompt, or item revision. Future research should independently validate the category 
scheme, use delayed and transfer assessments, collect concurrent learner explanations, examine subgroup patterns, 
and test the framework across schools, graph types, and audio mappings. 
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